Using optimized computer models of arterial trees we demonstrate that flow heterogeneity is a necessary consequence of a uniform shear stress distribution. Model trees are generated and optimized under different modes of boundary conditions. In one mode flow is delivered to the tissue as homogeneously as possible. Although this primary goal can be achieved, resulting shear stresses between blood and the vessel walls show very large spread. In a second mode, models are optimized under the condition of uniform shear stress in all segments which in turn renders flow distribution heterogeneous. Both homogeneous perfusion and uniform shear stress are desirable goals in real arterial trees but each of these goals can only be approached at the expense of the other. While the present paper refers only to optimized models, we assume that this dual relation between the heterogeneities in flow and shear stress may represent a more general principle of vascular systems. r
Introduction
In principle, arterial trees serve the purpose of supplying all parts of tissue with blood at physiologically necessary values of pressures and flows. This functionality is of vital importance and costly in terms of energy: mechanical energy is needed to maintain flow and chemical energy is needed to maintain the total volume of blood in a functioning condition. Due to these reasons it is widely assumed that the arterial system has undergone certain optimization processes during phylogeny (LaBarbera, 1990; Zamir & Bigelow, 1984; Murray & Oster, 1984; Lefevre, 1982 Lefevre, , 1983 Uylings, 1977; Kamiya et al., 1974; Kamiya & Togawa, 1972; Rosen, 1967; Cohn, 1954; Thompson, 1942; Murray, 1926a) . In particular, theoretical arguments suggest that the overall expenditure of energy can be minimized if the total volume of blood (i.e. the ''intravascular'' volume, V tot ) is minimized and simultaneously the radii of arterial segments at bifurcations follow a ''power'' law (Kurz et al., 1997; van Bavel & Spaan, 1992; Zamir et al., 1992; Zamir, 1988a; Sherman, 1981) 
with r 0 , r 1 and r 2 being the radii of the parent segment, the larger and the smaller daughter (r 1 X r 2 ). For stationary (non-pulsatile) flow the bifurcation exponent g ¼ 3 is considered optimum, whereas pulsatile flow finds optimum conductance around g ¼ 2.55 (Arts et al., 1979) . Although real arterial trees fulfill eqn (1) only in a statistical rather than in a precise mathematical sense, the formula represents the most suitable choice in the frame of optimization models and will be adopted in the present work with g ¼ 3. Similarly, even though quantities other than the intravascular volume may have influenced phylogenetic optimization and can be evaluated in models (Schreiner et al., 1995) , the minimization of V tot has become a golden standard in modeling (Sherman, 1981; Zamir, 1976; Kamiya et al., 1974; Kamiya & Togawa, 1972) and will be adopted in the present work.
Volume minimization and a bifurcation law [eqn (1)] lend themselves as a nucleus of principles for constructing arterial tree models on the computer. In the present work the models consist of binary branching cylindrical tubes. These are perfused under physiologically reasonable (boundary) conditions of pressures and flows, derived from a generalized formulation for the ''task of supply'' as follows.
Boundary Conditions for Pressures
The task of blood delivery through arterial trees ends at the pre-capillary level where a characteristic (pre-capillary) pressure is required to enable transcapillary metabolic exchange (Kamiya & Togawa, 1972) . Hence we require for the model that a unique pressure ( p term ) should prevail at all terminal outlets. Assuming a given perfusion pressure ( p perf ) at the entrance of the feeding arterial segment, the model carries the total perfusion flow (Q perf ) across a pressure difference Dp ¼ p perf À p term . Each segment i (length l i , pressure gradient Dp i across segment, blood viscosity Z) is perfused according to Poiseuille's law (Fung, 1997) 
The magnitude of p term is not directly preset but rather adapted to permit a given total flow (Q perf ) for given p perf and a given radius of the root segment (Karch et al., 2000a) . The latter can be taken from morphometric measurements on representative arterial beds (Kassab et al., 1993) .
Boundary Conditions Related to Flow
The total flow Q perf through the feeding artery may be distributed over the dependent (distal) arterial bed (of the model) according to several alternative principles, formulated as boundary conditions. Two such modes will be considered in the present work.
PRESCRIBING TERMINAL PRESSURES AND FLOWS AS BOUNDARY CONDITIONS (MODE PTP-F)
This mode makes the model reproduce any given (and arbitrarily) prescribed terminal flow distribution. For example, the goal may be a distribution as even as possible, yielding (almost) equal perfusion densities in all microcirculatory regions Schreiner & Buxbaum, 1993) . Alternatively, a gradient in perfusion density may be prescribed across an organ, as for example would be appropriate between the epicardial and endocardial layers of the ventricular wall of the heart (Brown & Egginton, 1988; Schubothe et al., 1983; Karch et al., 2000a) . In any of these cases the flow through each of the N term terminal segments is prescribed as a boundary condition. Due to conservation of mass, flows in all (N term -1) nonterminal, bifurcating segments result from simple additions:
Boundary conditions of type PTP-F allow one to compute the radii of all 2N term -1 segments with given locations (coordinates) and connective structure (Schreiner et al., 1996; Schreiner & Buxbaum, 1993; Pries et al., 1990) . A corresponding value for the total intravascular volume (V tot ) is obtained from
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PRESCRIBING TERMINAL PRESSURES AND UNIFORM SHEAR STRESS AS BOUNDARY CONDITIONS (MODE PTP-USS)
In this mode terminal flows are not prescribed but rather computed so as to let the shear stress
between blood and the arterial wall be uniform in all segments i over the entire tree.* This makes sense, since shear stress is considered a crucial parameter of vascular regulatory mechanisms (Hazel & Pedley, 2000; Skalak & Price, 1996; Hacking et al., 1996; Pries et al., 1995; Girard & Nerem, 1995; Jones et al., 1993; Davies et al., 1984; Franke et al., 1984; Gimbrone-MA, 1999) and pathophysiology (Yung & Frojmovic, 1982; Hellums & Hardwick, 1981; Rodbard, 1975; Leverett et al., 1972) . Excessive values of shear stress, both very small and very large ones, are deemed harmful in causing either aggregation due to stagnation zones or thrombosis due to the activation of thrombocytes (Caro et al., 1995; Topper & Gimbrone-MA, 1999; Hellums & Hardwick, 1981) . A so-to-speak ''optimum'' situation, with a totally uniform shear stress throughout the tree, can be realized in the computer model by adopting boundary conditions as follows: (i) The bifurcation exponent is set to g ¼ 3 and (ii) the flow ratio between sister terminals i and j (having the same parent) is set to yield equal shear stresses and equal pressure drops (for the given lengths l i and l j resulting from segment coordinates):
Due to eqn (6) the ratio of flows in sister terminals is given by
If any sisters (terminal as well as bifurcating) experience equal shear stresses, their parent's shear stress will assume the very same value, provided g ¼ 3, as can be shown by combining eqns (1), (3) and (5). The general case, where the flows into two subtrees have to be balanced under uniform shear stress conditions can be tackled by the concept of equivalent ducts or 'reduced' resistances : each subtree is replaced by an ''equivalent segment'' whose length l j n is chosen to yield the same resistance (R j ) as the subtree for the same entrance radius (r j ),
This is always possible for equal terminal pressures (Zhou et al., 1999) , regardless of the connective structure and geometry of the model tree. In summary, by choosing terminal flows according to eqns (7) and (8) at a bifurcation exponent of g ¼ 3 it is possible to implement constant shear stress throughout the entire model tree.
In the present work we evaluate the consequences for structure and hemodynamic functionality induced by the two types of boundary conditions, uniform flow (PTP-F) vs. uniform shear stress (PTP-USS).
Materials and Methods

CONSTRAINED CONSTRUCTIVE OPTIMIZATION (CCO)
The method of CCO has been described in detail previously (Schreiner & Buxbaum, 1993; Schreiner, 1993) and draws on an iterative process similar to induction: given a binary tree of straight cylindrical tubes, constraints are implemented as outlined above, and we describe how to grow the tree by another bifurcation (i.e. two new segments). To these ends the following items have to be specified: (i) the process of construction and (ii) a concept for optimization.
Process of Construction
A perfusion domain is defined mathematically, representing the (part of the) organ to be perfused. Within this domain the model is constructed by adding one segment after the * In the scientific literature the symbol g (dimensionless) is widely used for the bifurcation exponent and g(s À1 ) is used for the shear rate. In order to keep notation compatible we stick to these conventions and hope not to cause confusion. In the present context g is a constant and ' g is not its time derivative.
UNIFORM SHEAR STRESS IN OPTIMIZED MODELS 287 other as follows: a new site of perfusion is drawn from a ''random sequence'' (Knuth, 1973) and is checked for not being too close to any of the existing segments or terminal sites Schreiner & Buxbaum, 1993) , otherwise tossing is repeated. The new terminal is connected to a segment (i conn ) of the existing tree and constraints are implemented, making the grown tree fulfill the very same boundary conditions as its predecessor. Both procedures, selecting the segment i conn and choosing the geometrical location of the new bifurcation, are subjected to optimization as described below.
Random sequences may be started from different seeds (Knuth, 1973) , yielding different samples of terminal sites with the same type of spatial distribution.
Concepts for Optimization
Given a bifurcation (e.g. segment i bif ) located at coordinates x bif within an existing model, a specific value of V tot is obtained after implementing the constraints (see above). Moving the bifurcation ( x bif -x bif þ dx ), in general changes the lengths of the three adjacent segments, yielding a different value of V tot -V tot +dV upon re-implementation of the constraints. This offers the possibility to displace the bifurcation not arbitrarily but rather along the gradient (Fro¨berg, 1985) toward the minimum (i.e. optimum) of V tot (geometrical optimization). Once the proper segment i conn for the connection is found, the new bifurcation can be geometrically optimized by this procedure.
In order to find the proper segment i conn , each segment in the vicinity of the new terminal is tentatively used as connection site, the bifurcation is geometrically optimized, the specific value of V tot is recorded, and the connection dissolved again. Finally that segment which yields the lowest V tot is accepted as the permanent connection site. Note that geometric optimization is nested within this structural optimization.
The described method of model generation is based on the repetitive implementation of constraints during a stepwise construction and optimization process [constrained constructive optimization, (CCO), Schreiner, 1993; Schreiner & Buxbaum, 1993] . Connective structure as well as geometry of the tree, including radii and branching angles, result from boundary conditions and optimization principles rather than being plugged in. Each step of development influences all following steps.
Results
MODEL TREES WITH HOMOGENEOUS PERFUSION VS. MODELS WITH UNIFORM SHEAR STRESS
The CCO procedure was used to generate ten model trees with different random sequences under equal boundary conditions of type PTP-F (see Table 1 ) within identical perfusion domains (rectangular slabs) and perfusion inlet position. Terminal flows were pre-set equal (conditions labeled PTP-constF in the following) so as to aim at a perfusion density as homogeneous as possible. Figure 1 (upper panels) shows two (of the ten) model realizations, clearly illustrating different gross anatomies due to the different random sequences. These structural differences represent the model correlate to anatomical variability among individuals as previously investigated (Schreiner et al., 1997a) . Despite different gross anatomies, all other model characteristics (e.g. the branching pattern, morphometric and functional indices) were found to be very similar among realizations.
Another ten model trees were generated under PTP-USS conditions, all of them identical to the PTP-constF series regarding perfusion domains, Radius of root segment 2 mm Z Viscosity of blood 3.6 cp (centi poise) g Bifurcation exponent 3.0 Note: Parameter adaptation followed the lines of our previous work (Karch et al., 2000a) , except for the bifurcation exponent which was chosen to allow for uniform shear stress (g ¼ 3).
Fig.
1. 3D models generated by constrained constructive optimization. Upper panels: two realizations (with different seeds for the random number sequences) for boundary conditions with pre-set terminal pressure and flows (type PTP-constF). Lower panels: two realizations (using the same random number seeds as in upper panels) for boundary conditions with preset terminal pressure and uniform shear stress (type PTP-USS).
inlet sites, perfusion pressure, root radius and total flow. Two of these realizations are shown in the lower panels of Fig. 1 .
These two groups of trees were generated in order to allow for a direct comparison and separation of the effects induced by the constraints (PTP-constF vs. PTP-USS).
MORPHOLOGIC AND FUNCTIONAL DIFFERENCES INDUCED BY HOMOGENEOUS PERFUSION VERSUS UNIFORM SHEAR STRESS
Global Quantities
Global quantities assume one single value for a specific model tree: total volume, total surface, the sum of all segments' lengths, terminal pressure, the maximum Strahler order (Strahler, 1957) , the maximum bifurcation order (Ley et al., 1986) , etc. The results are shown in Table 2 .
The ten trees generated from different random seeds within each set of boundary conditions appeared very different in their ''gross anatomies'' (cf. Fig. 1 ), but very similar regarding global quantities. This confirms a previous finding: even trees with totally different routes of the large vessels may deviate by less than 1% in their global quantities, as long as boundary conditions and optimization targets are identical (Schreiner et al., 1997a) .
Switching to PTP-USS boundary conditions, however, obviously changes global quantities: K Most obvious is the decline in (maximum) bifurcation order from an average of 59.5 to 49.2.
K The total intravascular volumeFwhich is the optimization target in both casesFcomes out larger (+4%), whereas the total endothelial surface declines (-7%).
K Terminal pressures and total segment length are affected by less than 1%.
Bifurcation Angles Compared with Experimental Values
Bifurcation angles in the model not only depend to the optimization target (Schreiner et al., 1994) but also on the boundary conditions. This becomes evident in scatter plots of branching angle vs. symmetry index x rad ¼ r 2 =r 1 (van Bavel & Spaan, 1992; Kamiya & Togawa, 1972; Zamir & Chee, 1986) .
Experimental values for the angle y 2 (i.e. the angle between parent and smaller daughter) vs. x rad are shown in Fig. 2 
(A).
In the model results for PTP-constF conditions, shown in Fig. 2(B) , most bifurcations seem to belong to a lengthy cluster. On top of that, a subgroup of bifurcations forms a conspicuous, arch-shaped cluster. Further investigation reveals that these data points represent that subclass of segments which feed exactly two terminals [N dist ¼ 2; marked with square symbols (&) in Fig. 2] . The surprising emergence of that cluster can be explained as follows: since all terminal flows have been set equal in the PTPconstF trees, l 2 =l 1 (and thus the branching angle into sister terminals) uniquely depends on x rad ¼ r 2 =r 1 due to eqn (6). Although this dependency (Kamiya & Togawa, 1972) , it results from numerical geometric optimization.
Model trees under PTP-USS conditions obey Murray's law (Qpr 3 ) (Murray, 1926a, b) , and a theoretical formula for optimum branching angles applies (Kamiya et al., 1974; Kamiya & Togawa, 1972) . Figure 2(C) shows the theoretical prediction (solid line) for y 2 together with the model values, again grouped according to N dist of the parent segment. Interestingly, there is no arc-shaped cluster to be seen, and all data rather gather around the theoretical prediction.
Conclusions from these findings will be addressed in the discussion.
DUAL RELATION BETWEEN THE VARIABILITIES IN SHEAR STRESS AND FLOW
Equal terminal flows represent a special choice of PTP-F conditions which inevitably induces variability in shear stress, even for g ¼ 3.
The proof is given indirectly from eqn (7): requiring equal flows (Q i ¼ Q i ) for a pair of sister terminals, equal shear stress is only possible if also the segments' lengths are equal (l i ¼ l j ). This is generally not the case, and one arrives at non-equal shear stresses even at the pre-terminal level if terminal flows are equal. This spread in pre-terminal shear stress propagates toward proximal and is found all over the tree, even for g ¼ 3. Note that g ¼ 3 is a necessary but not a sufficient condition for uniform shear stress in a binary tree.
On the contrary, for shear stress to be uniform, terminal flows must in general be different according to eqns (5) and (7).
We thus find something like a dual relation between the variability in terminal flows and the variability in shear stress: shear stress can only be uniform at the expense of flow heterogeneity, and vice versa. Figure 3 shows the resulting distributions of flow and shear stress in terminal segments:
(a) With equal terminal flows (represented by a point-or delta distribution of flow) we find a distribution of shear stress very close to The magnitudes of dispersions and their relation to measurements will be evaluated in the final part of the ''Results'' section. 
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Model Fineness and Flow Heterogeneity
Model fineness is characterized by the number of terminals (N term ) in relation to the total perfusion volume (V perf ). For example, if a CCO tree with N term ¼ 6000 is grown into a perfusion volume of 100 cm 3 , each terminal supplies on the average a ''terminal'' volume TV ¼ 100 cm 3 / 6000 ¼ 0.016 cm 3 . Under PTP-F conditions we may choose equal terminal flows (PTP-constF) and thus obtain zero flow heterogeneity between TVs (for arguments please see the Discussion). Conversely, for PTP-USS conditions a ''natural'', log-normal flow distribution results among TVs. For N term ¼ 6000 we obtained RD E 1.57 for TVs of 0.016 cm 3 . This value is somewhat larger than most experimental measurements (Bassingthwaighte et al., 1985 (Bassingthwaighte et al., , 1989 (Bassingthwaighte et al., , 1994 Decking & Schrader, 1998; Pries et al., 1996; Hoffman, 1995; Wolpers et al., 1990; Wieringa et al., 1982) .
In order to scrutinize the source and magnitude of flow dispersion, additional CCO trees under uniform shear stress conditions were generated with N term ¼ 50, 100, 200, 500, 1000, 2000 and 4000. Even within this wide range of N term , the increase in RDs of terminal flows (from 1.16 to 1.57, see Fig. 4 ) seems small, in particular when considering that in real arterial trees RDs decrease linearly (in a log-log plot) with increasing TV (Bassingthwaighte et al., 1994) .
Sources of Flow Heterogeneity Under Uniform Shear Stress Conditions
The terminal flows obtained under PTP-USS conditions were analysed in order to find out if there is some morphometric or structural quantity explaining a certain part of the RD observed. Among several candidates (e.g. ''pathlength from inlet'', ''bee-line-distance from inlet'') the bifurcation level (L: ¼ number of bifurcations to traverse along the path from a segment toward the root of the tree) proved a key determinant [see Accordingly, 51% of the total dispersion of log flows are attributable to a linear increase with L, and the residual variability around the regression line has an average relative dispersion of 1.13.
The systematic increase in terminal flows, as represented by the regression line, amounts to a factor of approximately 200 when comparing terminals close to the inlet with terminals in the most remote parts of the tree (corresponding to the range 3p L p52). The ambitious goal of implementing uniform shear stress turns out to induce most severe side effects regarding flow, which would deteriorate the model's physiological meaningfulness. No tissue whatsoever could tolerate differences in supply density by a factor of 200. Nevertheless, an ''even'' distribution of 
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shear stress remains a condition reasonable to aim at (Kassab & Fung, 1995) . Figure 5 (B) shows the dependency of radii and shear stress on bifurcation level, contrasting PTP-constF with PTP-USS conditions. Under constF conditions (solid circles) terminal vessels widen slightly with increasing bifurcation level and shear stress declines drastically, almost by a factor of 10. Under USS conditions (open circles), terminal radii widen drastically with bifurcation level (about a factor of 6) in order to keep shear stress constant.
Discussion
SPECIFIC MODEL RESULTS AND COMPARISON
WITH EXPERIMENTAL DATA Boundary conditions of uniform shear stress (PTP-USS) entail several interesting aspects, in particular when compared to models generated with preset constant terminal flows (PTPconstF).
Bifurcation Angles
The bifurcation angles gather around the theoretical prediction curve in both cases, very similar to the experimental values (see Fig. 2 ). However, the artifact of an arch-shaped cluster seen under PTP-constF, caused by discrete values of flow in all terminal and pre-terminal segments, disappears under PTP-USS. This is a consequence of the more realistic (continuous) distribution of terminal and pre-terminal flows under PTP-USS conditions.
Bifurcation Levels and Asymmetry
Bifurcation symmetry (defined by the bifurcation index x rad ¼ r 2 /r 1 , van Bavel & Spaan, 1992) has often been related to the number of bifurcation levels occurring in a tree (Kassab et al., 1993; van Beek et al., 1989; Bassingthwaighte et al., 1990; Schreiner et al., 1997b; van Bavel & Spaan, 1992) . In general, more asymmetric trees have a larger number of bifurcation levels ('conveying type of structure', Zamir, 1988b) down to their most distal terminals. Trees optimized under PTP-USS conditions need less bifurcation levels to split into a given number (N term ) of terminals than do PTP-constF trees, cf. Table 2 . One might speculate that PTP-USS trees should therefore bifurcate more symmetrically. The opposite is true, however, when evaluating x rad (results not shown). The puzzle is solved by the argument that bifurcation levels and symmetry are severely influenced by the flow distribution required at the terminals. In the case of PTP-USS, nothing is required regarding terminal flows and they come out very heterogeneous indeed. About 50 bifurcation levels suffice for that kind of distribution task. Imposing PTP-constF conditions, however, renders a much more ''elaborate'' task to solve, more levels are generated by optimization even though single bifurcations are more symmetric (larger x rad ) on the average.
The differences in structure are also reflected in the distribution of terminal segments over bifurcation levels (see Fig. 6 , upper part).
Power Consumption for Perfusion
All model trees considered in the present work have been scaled to convey the same total perfusion flow and have the same radius at the inlet of the root segment, see Table 1 . Another requirement was that all terminal pressures within each tree should be equal. p term was computed so as to allow the desired perfusion flow. Therefore the power consumption (P) to overcome viscous resistance is given by
where Q perf and p perf are pre-set and constant, whereas p term is computed. Among trees with different seeds but equal boundary conditions, p term varies by less than one promille (Table 2) , equivalent to a relative spread in power consumption of about 0.02/(100-93) D 0.00028. This supports our previous hypothesis (Schreiner et al., 1997a) , namely that even trees with totally different gross anatomies (see Fig. 1 ) may show almost equal 'performances'. The impact of boundary conditions on power consumption also is surprisingly small: between 1 and 2% in p term (see Table 2 ), causing 11% difference in power consumption between PTPconstF and PTP-USS, cf. eqn (10).
Flow Heterogeneity: Features and Sources
The main goal of the present work was to demonstrate that arterial tree models can be optimized for minimum intravascular volume under boundary conditions of uniform shear stress. The main results can be listed and explained as follows:
(a) Uniform shear stress induces heterogeneous terminal flows. Dispersions in flow and shear stress appear in a dual relation: eliminating the dispersion in terminal flows automatically induces a shear-stress dispersion and vice versa. This finding becomes evident by considering the degrees of freedom in the system: specifying equal terminal flows (on top of total flow and radius of root segment, see Table 1 ) represents N term -1 conditions imposed and thereby yields a unique solution for all hemodynamic quantities in the system. Shear stresses are computed quantities and come out heterogeneous in this case. If one requires equal terminal shear stresses instead, these N term -1 conditions replace those for terminal flows, which then become computed quantities and result heterogeneous. Note that under a bifurcation law [eqn (1)] with g ¼ 3, equal terminal shear stresses will imply that all shear stresses are equal due to the continuity equation [eqn (3)], without any additional conditions being imposed.
The first component of flow heterogeneity under PTP-USS conditions is the ''local heterogeneity'', most directly to be seen between sister terminals, cf. eqn (7): flow is proportional to segment lengths cubed. The longer of two sister terminals has the massively larger flow. In terms of pressure gradient the relation is just inverse: the terminal with lower pressure gradient has larger flow.
The local nature of this mechanism is the same for all bifurcation levels, and suggests why relative dispersion of flow within bifurcation levels does not increase over bifurcation level, (see Fig. 6 , lower part, open circles), even though average terminal flow increases massively with bifurcation level [ Fig. 5(A) ].
(b) Under uniform shear stress conditions, terminal flows show a systematic, massive (200%) increase toward large bifurcation orders and thus depend on a structural parameter.
This ''large-scale systematic flow heterogeneity'' within PTP-USS trees can be understood by extending the above argument to a whole path from the root to a terminal site: if shear stress is held constant, then flow is proportional to the third power of radius [due to eqn (6)] and radius is inversely proportional to pressure gradient Dp i =l i due to 
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Therefore flow is inversely proportional to the third power of pressure gradient. As a consequence, long flow pathways have (on the average over their length from root to terminal) lower pressure gradients and hence must carry larger flows.
(c) Increasing the fineness (i.e. increasing N term ) causes only a small increase in relative flow dispersion from 1.16 to 1.57 (Fig. 4) .
While experimental measurements show a significant increase in relative dispersion of flows as the sample volume decreases (Bassingthwaighte et al., 1989; Iversen & Nicolaysen, 1995) , the RD in the model does not. The reasons become evident by considering the above arguments regarding local and large-scale flow variabilities. Although increasing N term will reduce the average length of terminals, it will not directly change the ratios in lengths between sister terminals [which induces heterogeneity, cf. eqn (7)]. Also the pathlength from root to any terminal somewhere within the perfusion area will not change massively as N term increases. The average pressure gradients along paths to given locations will therefore remain rather constant and give rise to roughly the same ''large-scale flow variability'' depicted by the regression line in Fig. 5(A) , almost regardless of N term .
(d) Under uniform shear stress the distribution of terminal flows is close to log-normal.
This feature can be related to the central limit theorem (Papoulis, 1991; Qian & Bassingthwaighte, 2000) : each terminal flow can be viewed as the product of multiple flow-split ratios,
Provided that all paths had equal numbers of bifurcations and the flow ratios were independently drawn from some random distribution, their product would be approximately lognormally distributed. Each of these conditions is only partially fulfilled with PTP-USS conditions and one can only expect a mixture of distributions. As a matter of fact, however, the actual result quite closely resembles a lognormal one.
CONCEPTUAL ISSUES REVISITED: WHICH BOUNDARY CONDITIONS TO CHOOSE?
''A vascular tree should satisfy many physiological requirements from the organs and tissues conjugated at its terminals'' (Kamiya & Togawa, 1972) . Within a model tree, these requirements have to be represented by appropriate boundary conditions. Among these, a uniform terminal pressure is commonly accepted as a reasonable choice (Kamiya & Togawa, 1972) . However, due to limited computational resources, the fineness (N term ) of the present CCO models must remain far below that of real vascular beds. This is reflected in a small overall pressure difference around 8 mmHg (cf. Table 2) instead of about (100-40 ¼ ) 60 mmHg for real beds. The model thus does not yet reach the pre-capillary level at which constant pressure should prevail according to physiology. One possibility to bridge the 'pressure gap' would be to assume a constant resistance distal to each terminal, so as to have a black-box microcirculatory unit finally draining into a constant-pressure reservoir rather than the terminal segments themselves. This would be the option of choice to arrive at a model as realistic as possible with present resources, but it would introduce additional assumptions. For the present and more basic investigation, it was assumed that the model extends distally as far as a constant-pressure reservoir, knowing that the conceptual conclusions will be unaffected by the absolute magnitude of the pressure difference. It will be just a matter of increased computational speed in future technology to cope with N term in the order of 10 6 and let p term reach realistic values of pre-capillary pressure.
Another issue of debate is the distribution of flows to be supplied by the terminals. In the first version of CCO (Schreiner & Buxbaum, 1993) , constant flows were assigned. In other models obtained from self-similar generators, terminal flows were prescribed by drawing random numbers from reasonable statistical distributions (Dawant et al., 1985; Levin et al., 1986; Popel et al., 1988) , an approach which in the meantime has also become feasible for CCO models (Karch et al., 2000b) . It allows to choose the underlying terminal flow distribution more or less deliberately, for example so as to ''exactly'' reproduce W. SCHREINER ET AL.
experimental findings (Bassingthwaighte et al., 1985 (Bassingthwaighte et al., , 1989 Deussen, 1998) . If such an assignment is made during model growth, assigned flows will influence the developing structure. If the flow assignment is made post hoc (i.e. within a fully developed model), terminal flows need not relate to the arterial structure (segment locations, lengths, angles) proximal to an individual terminal and may result in a certain inconsistency between structure and flows in such models.
Another very interesting approach are fractal (self-similar) models in which not only structure (positions, lengths, angles) but also ratios of flows at bifurcations are prescribed by the generator (Beard & Bassingthwaighte, 2000; van Beek et al., 1989; van Bavel & Spaan, 1992) . In these models, flow splitting and structure may well be linked to each other, but need not be. Terminal flows result from multiple successive (prescribed) flow-split ratios rather than being finally imprinted. Not only is this concept capable of linking structure to individual flows, but it can even be shown on theoretical grounds that the resulting distribution of terminal flows approaches log-normality, regardless of the flow-split ratios chosen (Qian & Bassingthwaighte, 2000) . The only drawback remaining in these models is that they do not guarantee spatial arrangeability of their segments: the real arterial systemsFfrom which the probability distributions for lengths, radii, etc. are obtainedFexist in space and fill a certain perfusion volume without intersecting segments. The model re-obtained through a self-similar generatorFeven if it is based on random numbers from these very distributionsFdoes not automatically imply that the model will again be arrangeable in space.
In order to manage spatial arrangeability, growth models have been developed (Smith et al., 2000; Van et al., 1998; Schreiner, 1993; Karch et al., 1997) , among which the CCO approach derives vascular structures from optimization principles. An advantageous geometrical arrangement of segments and the space-filling property of terminals can be reached to a satisfying extent. However, up to now, terminal flows still had to be assigned somewhat deliberately: in early stages flows were set constant, later on drawn from random distributions (Karch et al., 1997) . Thus, also in these models a possible discrepancy between the (optimized) structure proximal to a terminal and the flow through this very terminal could not be ruled out. Moreover, our previous investigation revealed a very broad and unrealistic shear-stress distribution in CCO models with constant terminal flows. Hence in the present work, as a remedy, the distribution of shear stress should become a guiding factor of model generation, either as optimization target or as boundary condition.
Shear stress itself as an optimization target has been found inadequate by others (Hacking et al., 1996) and ourselves, since it proved unstable during optimization (saddle point in the target function). As an alternative, shear stress was incorporated in the boundary conditions of the CCO algorithm. On the basis of well-established concepts (Murray & Oster, 1984; Zamir & Brown, 1982; Uylings, 1977; Zamir, 1976; Kamiya et al., 1974; Murray, 1926a,b; Kamiya & Togawa, 1972; Sherman, 1981; Sherman et al., 1989; Frame & Sarelius, 1995) the power law for radii [eqn (1)] was retained as a necessary but not sufficient condition. On top of that, the concepts outlined in the ''Methods'' section were implemented in order to prescribe flows giving rise to uniform shear stress allover the tree. However, disregarding any kind of mechanism toward uniform distribution of blood induced two types of flow heterogeneity (''local'' and ''large scale'') in which large flows massively favor long pathways and which is almost independent of model fineness.
On the basis of these results, several directions of future development shall be envisaged in the final section.
Critique of Generality of Conclusions
It may be argued that the relations between the variabilities in flow and shear stress have only been demonstrated for CCO models and might not be valid in general. This is true in a quantitative but not in a conceptual sense for the following reasons: model trees generated by some other algorithm UNIFORM SHEAR STRESS IN OPTIMIZED MODELS (either another mode of CCO, a fractal generator, etc.) will yield quantitatively different RDs in flows when being scaled to uniform shear stress. However, the principal arguments leading to the very specific type of heterogeneity will remain valid, regardless of how in particular the model was generated.
Future Prospects
While the ''mega-tree'', with N term in the order of 10 6 , will most probably be an issue of speeding up algorithms, there are a lot of conceptual issues to be scrutinized in the future on the basis of CCO models. Three perspectives shall briefly be outlined.
Our latest findings about widespread shear stress as a consequence of equal terminal flows were the motivation for the present work: according to many suggestions from other scientists in the field we tried to homogenize shear stress by setting g ¼ 3 [eqn (1)]. After all g ¼ 3 is necessary for totally uniform shear stress (LaBarbera, 1990) . However, looking at the consequencesFthe resulting terminal flow distributionFthis ''pure goal'' of homogeneous shear stress seems questionable at least. Once we dismiss the goal of totally uniform shear stress and ask only for low spread in shear stress, it is no longer sure that g ¼ 3 remains the optimum choice. Perhaps some other value or even a variable gFdependent on the position within the treeFmight be more efficient in calming down shear stress heterogeneity while retaining some reasonable flow distribution. Several findings and arguments in the literature point in that direction (Woldenberg & Horsfield, 1983; Sherman, 1981; Roy & Woldenberg, 1982; Zamir et al., 1992; van Bavel & Spaan, 1992; Kassab & Fung, 1995; Arts et al., 1979; Kurz et al., 1997; West et al., 1997; Frame & Sarelius, 1995; Rossitti & Lofgren, 1993; Zamir & Brown, 1982; Zamir, 1988a) . As perspective (i) CCO trees could be generated with variable or even adaptive g ; its (parameterized) dependence on radius, Strahler order, bifurcation level, etc. could be optimized according to criterions involving both, dispersion of flow and shear stress in order to approach optimality. Any such approach would draw on a ''bifurcation law'' imposed on the system.
A conceptually different approachFperspective (ii)Fdraws on the argument that no mechanism in real arterial beds is known that could impose a given geometrical relationship between vessel diameters at bifurcations. Instead, the diameter of each branch is set by the individual vessels' structural responses to a number of stimuli, most notably wall shear stress and pressure (Pries et al., 1998) . Rather than plugging in a bifurcation law one would prescribe the adaptation mechanisms of individual segments (possible also including cooperative phenomena between adjacent vessels) and let the adaptation process yield radii. From these, something like a bifurcation law could be read off (e.g. a distribution of g). This ''law'' would then no longer be understood as a governing concept but rather as a post hoc description of what had resulted from adaptation processes. A possible implementation of these mechanisms could either act on fully developed CCO trees, by adapting radii while leaving the connective structure, segment lengths and branching angles unchanged, or elseFand computationally exceedingly more expensiveFadaptation would occur concurrently with model development and optimization.
Perspective (iii) of future research is seen in the fractal properties of model trees. CCO models are an alternative approach to generate highly complex structures, from which distributions of fractal properties may be estimated rather than being plugged in. Since the CCO structures emerge from optimality principles in conjunction with boundary conditions, the relation between these and deduced fractal properties remains to be investigated.
